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Introduction

This workbook is designed to be used as a revision tool as
you prepare for your examination.
It consists of:

e revision notes

o formulae

e examples for you to complete

e practice questions.

There should be plenty of room in the example and answer
boxes for your answers. There are hints in the right hand
column of some problems which you can cover up if you
wish to complete the problems unaided.

There are suggested solutions in the answers section at the
back of the book.

Do not think you can work through this book in one
attempt. It will be far more useful to attempt one section at
a time and ensure you have all the rules and methods
secure before attempting the next section.

You should use this workbook in conjunction with past
module papers and consult with your Mathematics tutor to
revise effectively.
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ALGEBRA and FUNCTIONS

Indices:
Index (plural : indices) means power
7’ means 7 raised to the power 3 or 7 x 7 x 7

Rules of indices:

3Px3P=3x3x3x3x3=3
3 7 10
+ n_ _m-n m\n __ _mxn Zx2 =12
a"xa'=a™"" a"+a"=a (a ) =a 76+ 72 = DXIXIxIxDxT _ 44
’ 7x7
@Y=4x4"x4"=4"
a’ 7. 1 7-1 0 y 6° =
Note —7=1 and @' +a'=a'""=a so | a®=1 | foranya(a#0) W=
a
7-2= 1L - L
PR
| ,____];am: 0. m=a0-m=a—m SO a-m=-_l— 'Il \
——”,_ B a ~d am NOI&Z T_2=3 _9
1 i 1 1 1 1 i !
axal=d =a so a2=\/5, a*x a’x a*=a so a’=3\/; 92=\/§=3
I
1\*? 643= 3 64 4
- L
and in general (a") =a' =a S0 a’ =4a
m ! m 41 41'3 23 8
" " " - L m 1 - 2 - -
0 1 am=(a")=Y4 or a"=(a")'"=('</2) )
-2 I 1 ca | 1 ,
and a’'= — = or a"=—-= - 8"§=i,= 17=_]’_=l
a = i a m a "',‘ (ﬁ/—a_) 8? 8% 2- 4

Some numbers you should recognise as powers: 4 =2?and so 4 %=
Look out for:
Square numbers: 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225

Powers of 2: 4, 8, 16, 32, 64, 128, 256,.......... Powers of 10: 100, 1000,

, 8=2%andso 8% =2

Cube numbers: 8§, 27, 64, 125

........

1. Fill in the missing powers (in the shaded areas):

(a) 16=2 =4 andtherefore 16 =2 and 16 =4

() 27=3 and 27 =3

(c) 64= 8 =4 =(22)°=2 and 8=64 and 4=64 and2=64

(d) 81=9 =3 and3=81 and 9=8I
2. Complete the following:
@23=1= (b) 4~ = (c) 125% =
(d) 16% = @ 16% = (16"’ =( )*= () 325 =

s ] 3 ] . -2 1

(8 47 = 43)°’=( )= () 25% =(@25%)° = M (3)7 - L) =
. h] 3
o (&) - k) 77 -
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3. Simplify V3 x + x 9:; by writing cach term as a power of 3

4. Simplify:

(a) xvx = (b) x*x = © F =

@ - © 5 - (0 20V =
R L

Surds:

Any number which cannot be expressed as a fraction is called IRRATIONAL.

Irrational numbers in the forms of roots are called surds. Examples are +/3, /6, 310
Some numbers are expressed as a rational (one which can be written as a fraction) plus a surd. They are often
left “in surd form”, because this is the exact value of the number. Calculators will only give an approximate

value for the number depending on how many figures appear on the readout.

So 2 + /3 is the exact value, whilst your calculator might say this number is 3.732050808

You should know: Y9xV4=3x2=6 and Y36=6 so V9 xv4=136
Also YO9xV9=3x3=9 W V3xV3=3 and V2xV2=2 etc.
Note: ¥ 3 + ¥ 2 cannot be added to give a single root.

Simplifying large surds.

NaxVb=Vab

Look for factors that are square numbers under the root sign. e.g. /600 = +/6x 100 = /6 x /100 = 1076
m=d3x]6=\/§x\/_l_6-=4\/§

Look out for 4, 9, 16, 25, 36, 49, 64, 81, 100 and multiples of these.

Numbers involving a rational and a surd can be combined rather like algebraic brackets.

e.g (3+2V7)+(11-4y7)=14-27

(5+3V5)(6-72) =(5x6)=(3xTV2)+ (35 x 6)= (33 x 742)
=30-35v2 +18+/5-214/10 which cannot be simplified any further.

Simplify:
5.3(2+542)-2(5-342)=

6. (5-V3)+3(2~42)=
7. (3-24/5)(2+5)=

8. (3++2)=

9. (V3 +245) (243 -345)=

3. Expand the brackets and collect
together the rational and surd parts.

6. Beware! \J2 and \J3 cannot be
combined hy addition (or
subtractlon) to make one surd. Your
answer will have one rational and 2
surds in it.

7. Multiply out the brackets und
remember 5 % J5=35

8. Write down the two brackets first
(vou are less likely to make a
mistake).

9. Multiply out the brackets and
collect the rational and surd terms.

Remember 3% Js= s
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10. Express the following in the form avb , wherc a and b are integers.

(a) V8 (b) V18 (©) V75
(d) V360 (e) V32 H 27
(g) V98 (h 15+/0.44

Ration alising a denominator:

i irrati i 4003 02 3 5 4
These fractions have irrational denominators. R L A R I
To make the denominator rational you need to remember:

e Multiplying the top and bottom of the fraction by the same value results in an equivalent
fraction.

e Jaxa=a (c.g.ﬁxﬁ=2x2=4 so VdxJ4d=4 and \/gx«/g=3etc.)

e  When you have two brackets that give the difference of two squares the answer is rational.
Forexample (1 + y2)(1 - v2)=1"=(y2)’=1-2 =-1

Example: Rationalise the denominator for the following:

(@) L = L B_ Multiply top and bottom of the fraction by /3 then 43 x 3 =3 and the fraction
V3 V3x\3 3 has a rational value for the denominator.
®) L = 343 _ 3x43_ 5 Multiply top and bottom of the fraction by J3 then 3 x /3 =3 and the
3 3x43 3 fraction has a rational value for the denominator. Divide top and bottom by 3 to
simplify.
(c) ﬁ = (Hi;}')ﬁ’ﬁ) = ('I'_";j‘ = “'_\2’5) = _% +_~€3; Multiply top and bottom of the fraction by 1 -y/3 then

the fraction has a rational value for the denominator.

(d) 343 _ (-V250-42) 3—3~."."—~/§*ﬁﬁ = 34342 Multiply top and bottom of the fraction by | /2 then
42 V209D -2 - the fraction has a rational value for the denominator.
= 2oddd 4‘[_ = -5+42
Rationalise the denominator for the following: 11. Multiply the top and bottom of
1. = 12. 12 the fraction by \J2 Here you are
V2 ) “rationalising the denominator”.
In other words the surds are removed
13 2+345 14 22 Jrom the denominator, making the
) Js ) /2 fraction easier to deal with.
Similar idea for 12, 13 and 14.
Ex ampl e 2+ \/:/- 2+ \/_ 3+ '\/_ Multiply numerator and denominator
3-J7 3 J_ 3447 by 3 + 7. This will give 'the
difference of two squares’ in the
= (6)+ (2ﬁ) + (3‘/7) +7 denominator and will make it
(3)% - (ﬁ ) rational. Since the top and botiom of
the fraction are muliiplied by the
_ 134507 = 13+5J7 = B, 57 same amount, it is equivalent and it
9-7 2 2 2 can be tidied up more easily.
) ) 3+ \/g Since the denominator is 4 + 3, you
15. Rationalise the denominator -\/_ multiply numerator and denominator
16. Simplify this expression by rationalising the denominator The denominator is JS + 2 so the
4 multiplier is 5 - 2
J5+2
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Terms: A term is a collection of numbers, letters, functions and brackets all multiplied together. Terms can
be combined using + and - signs to producc an expression.

E.g. 4x?-5ax+3x~6

Collecting like terms: ‘/ike terms’ have exactly the same combination of letters e.g. x terms or X’y terms.
2
Like rerms can be added or subtracted. e.g. 3x %+ Sxy—4x—-6x"+2xy-6x-4=-3x"+Txy—10x-4

Multiplying out brackets:

17. 5(3x-7)
18. —(2x-3)
19. =2 (6x+11)

20 (2x+7)3x-35)
2. (x—4)2x-5)

22. (2x-3)7

Remove the brackets and simplify the following:

23 (x?-3x+4)(2x2-5x+1)

24, (x+2)x-5)x-1)

17. Multiply each term in the bracket
by 5.

18. Careful: —(2x -3 ) means
-I(2x -3}

20. Multiply each term in the first
bracket by each term in the second
bracket in your head.

Simplify.

21. Careful with the minuses.

22, Always write out as two brackets
and continue as before.

23. Just more terms!

Be systematic: x° times all the terms in .
the second bracket, then -3x times all
the terms etc. Be careful with the minus
terms.

Remember 1o collect together like
terns.,

24. Multiply out two brackets first.
Then multiply the result by the
remaining brackel.

Identities:

An identity is another identical way of writing an expression. It is true for all values of the variable(s). The
coefficient of each term will be equal.

Example: Consider

x’—6x+5=(x+a)l+b
=x’+2ax+a*+b

equating coefficients of x: —-6=2a = a=-3

equating constant terms:

x?-6x+5=

5=g’+bh =
(x-3)2-4

is true for all x

5=9+5bH

Whereas x>+ 4x = 12 is
an equation and is only
true for two values of x.

= b=-4

Complete:

25. Find Aand Bif 2x+1=A(x+1)+B(x-2)

equating coefficients of x: =
equating constant terms: =

Multiply out the right hand side.

Solve the two equations to find A
and B.

26.Findaandbif 2x°+8x+5=2(x+a)’+5

Expand the right hand side and
equate coefficients.
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Factorising expressions:

Look ateach term and see what factors (letters or numbers) are common lo each term.
Write down these factors and then brackets. Inside the brackets, writc down the terms that when multiplied by

the factor/s outside give the equivalent expression.

27. Factorise:

(@ 12xy+4x (b) 8x—12 (c)24ab*-15a%b
()6 abc+8bc () 9p2g>-6pg’ (f z2 -2

28. Factorise: , )

(a) 6x+9 (b) 12x-9 (c) x*=5x (d) 2x2+ 8x

Sometimes the terms of an expression will have a common factor(s) that are brackets. Just treat the bracket

like a letter/symbol and take it out as a factor.

e.g. 6 (x+1)y+4(x+1)z rather than multiply out and then try to factorise, you can think of it as

6ay +4az which factorises to 2 a (3y +2z)
So 6(x+1)y+4(x+1)z=2(x+1)(3y+2z)

Also note that when dealing with brackets (x-3)=-(3-x) and (3 -x)=-(x-3)andsoon with

other brackets. You are taking —1 out as a factor.

29. Factorise:
(@ x(x-1)+5(x-1)

(©) 2x¥(x+1)+8x(x—-1)x+1)

Notice how it is much easier to take out brackets than it
would be to multiply out the brackets and then try to factorise
the resulting quadratic or cubic.

(b) 3(x+2)x-1)-(x-3)x+2)

(d) (x+4)(1-x)-x(x-1)(x+3)

Quadratic expressions:
These are expressions of the form ax?+bx +¢

Factorising quadratic expressions:

(Note: not an equation to be solved.)

You may wish to do this in order to solve an equation or to help you draw a graph.

and will factorise easily, or it will be a sum and you will not be able to
factorise it.

Type | No constant term.
Example. Factorise x2+5x Take out an x as a factor.
2 _ See what to multiply it by to make it
x"+5x=x(x+5) equal 1o the original expression.
Type 2 No x term. Here it will be the difference of two squares

Here the x s multiply to give x°, the +2
and the -2 multiply to give the — 4

but if you need to do it in an exam - it will! (Note: Solving a quadratic
equation is different - you can use the quadratic formula if it does not
factorise.)

Example. xi+ Ix+ 12

x2+Tx+12=(x+3)x+4)

Factorise

Example. Factorise x -4 and
) the +2 times x and the =2 times x add to
x® —4=(x+2)(x-2) give 0.
Type 3 All terms included. Not all quadratic expressions factorise

Here the x s multiply to give x°, the +3
and the +4 multiply to give the +12
and

the +3 times x and the +4 times x add to
give Tx
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30. Factorise x> - 3x 31. Factorise 2x2— 6x 32. Factorise x°—7
33. Factorise x> —x —20 34. Factorise x>+ Tx+ 12 35. Factorisc x> - 10x+ 16
36. Factorisc 3x?+ 2x - 8 3x and x give 3x*° and trv pairs of factors

of - 8 to see which will give + 2x when
nudriplied out and added.

37. Factorisc 6x° —4x -2 3xand 2x OR 6x and x give 6x°

Try pairs of factors of - 2 to see which
will give — 4x when multiplied out and

added.
38. Factorise 8x%—2x -3 39. Factorise 12x>+4x—5
40. Factorise 9x° - 16 41. Factorise 4x>—121

Algebraic fractions: + - x + and ‘cancelling down’ algebraic fractions:

These techniques will often help to simplify expressions or make them easier to work with.

The same rules apply as with numbers.

If you multiply or divide the numerator and denominator of a fraction by the same value, then you obtain an
equivalent fraction. When dividing top and bottom by the same value, it is often called cancelling down.

Number Algebra
2+3 ¥+ R , .
2 the 2 and & do not cancel. When cancelling you must e the x and x* do not cancel. When cancelling you must
think *divide all the top and all the bottom by ..’ think *divide all the top and all the bot.tom by ..’ )
R w34 Be careful when there are + or — in the fractions and
Obviously this = 3 (If you cancelled you would g~ =3=1) . .
you think about cancelling.
2x+4 x+2
2+6 '24% 4 2 = Dividing all the top by 2 and the bottom by 2. (The
o = %z~ == == (Dividing all the top by 2 and the 8x 4x
12 6 3 does not “cancel” [f not sure put in a number for x.)
bortom by 2. or factorise
. 8 2
Theanswcrxscorrec:asﬁ=7) 2x+4 2(x+2) lz(x+2) x+2
8x 8x "8x 4x
Somctimes you can cancel brackets
6x+3  32x¥1) 3
2x+1 2e¥T
2 7 "2 7 2 5 2 5 2 5x 5
K == XT- = Y R 3 = X 2 - x a -
3%g 3 48 12 ( ou can cancel one number on the X 2x+4 2(x* +2) tx 2Ax*+2) x*+2
top with one number on the bottom when multiplying, as % = %) factorise cancel
36 3 7 '3 71 71 , r xP-Sx x Hx-5) 2
e T =X T o Y = — X =5x)+—= = x—=2(x-5
4 7 4 6 4 6 8 ( ) 2 1 2 1 X ( )
3 2 3 2 x-S 2
5 7 25414 39 9 et =2y - —2
-+ —==—=—=|— X x =5x x x(x-5) x(x-5) x(x-5)
6 15 30 30 30 . , .
factorise commaon denominator - times top and
bottom of the first fraction by (x - 5)
In—-15+42  3x-13
= = 'd
x(x~5)  x(x-95) ey up
This cannot be made simpler, as there are no factors common fo
boiht ihe numerator and the denominaror.




Simplify these:
3x+9 The top and the bottom both factorise.
42, — = The bottom is the difference of two
x =9 squares i.e. (x + 3)(x - 3). Then cancel.
) ] Obtain the same denominator by
43. + = multiplying top and bottom of 1 fraction
x-2 x+l by (x + 1) and multiplying top and
bottom of the 2 fraction by (x ~ 2).
2% — 10x Factorise the top and the bottom.
44, = Then cancel.
6x —30
s (x-2) Get rid of the fraction within the fraction
45. _2—2—-— = by multiplying the top and bottom by 2.
x -4 Careful - you may want o fuctorise the
bottom first.
2rx—6 Best to take 2 out as a facior in the
46. 5 = denominator first, then factorise the top
4x" -6x-4 and bottom. Then cancel.
The x + 4 is multiplied by the top only
47. (x+4)x 3 16 = fasx +4 ="£:{A). Factorise the x*- 16.
x42 ‘ Multiply top and bottom of fraction by
x+3 .
48. _3):; 6 x+3 ORuse 22 for the denominator
and then rule for +
2x-6 Mudtiply top and bottom of fraction by
49. 2x3 = x + 3 OR the numerator '2"—,-'(1 += by the
X+
denominator. Then rule for +
x-2 x+1 x top and bottom of the 1* fraction by 4
50. _3 + ——‘4 = and x top and bottom of the second
Sfraction by 3 to obtain a common
denominator.
2 1 x the top and botiom of the 1" fraction
Sl '—_] + 12 = by x+1 to obtain a common
X+ (x+1) denominator.
5 2 3 x top and botiom of the 1" fraction by

4 (x = 1) and x top and bottom of the
second fraction by 3 (x + 4) (o obtain a
common denominator.

53.

=

2

2 is the same as . % top and bottom of

. . 2 .
this fraction by x~ to obtain a common
denominator.

54, x

Write the x as a fraction.

Then x the top and bottom of the 1"
fraction to obtain a common
denominator.

55.

x top and bottom of the I fraction and
x top and bottom of the second fraction
to obtain a common denominalor.

56.

This time just 3 fractions. Make the | =‘:-

then obtain a common denominator for
all three fractions.

57.

Just being a bit awkward. Still use the
same ideas.
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Completing the square:
Example: Complete the square for x T+ 8v-5 x plus half the coefficient of x in the
.2 =(x+4)2-16-5 bracket - squared - minus half the
¥+ 8r-5=(x ) 16— coefficient of x squared (- 16 ) - then
=(xt+4) 221 put in the constant term. Tidy up.

=
N .
>8. Complete the square for x~ - 4x +3 Careful - half the coefficient of x is 2.

Example: Complete the square for 2x 2 + 6x + |
2P br+9=2(x"13x+ %)

First take out 2 as a factor.

=2[(x+3)° - % + 1] Complete the square on the rest.
=2[(x -+ 2, y2- %] Tidy up.
=2(x+ % ) : ; Multiply by the 2.

59. Complete the square for 3x - 12x + 5 60. Complete the square for 2x 2+ 10x—5

61. Factorise and complete the square for the following quadratic expressions:
(a) x?+6x-7 (b) 2x*+4x-3

Consider: x*-4x+5=(x-2)2-4+5=(x-2)2+1

The bracket squared is always positive or zero, whatever the value of x, and therefore has a minimum value
of zero. In this example you are adding 1. So the whole expression x> ~4x +5 is always positive whatever
the value of x and has a minimum value of 1. Graphically the curve y =x 2 — 4x + 5 is above the x axis.

Completing the square and transformations:

. . -p
y=(x+p)2+qxsatranslatlonofy=x2 by the vector l: IJ
q

¥ ‘ ; ; It you have completed the square to
c.g. % fy=x? / . obtain k(x+p)i+g
\ N\ Jv=(x-3)Y + 1 - p
N\ X The vertex will be at
\, //" \\"\_/""/ q
R O 1§ c (The y=x* graph will be stretched in
’ the v direction by a factor k and then
Line ofsymmclry of y=(x-3 )'-’ +1is x=3 translated by the above vector.)
62. Compk:’tc the square and hence sketch the curve for As before.
y=x"-7x+10 R

Label the vertex (the minimum poini).
(This can also be found by
differentiation.)

Note: The constant in the original

Y | quadratic gives the intercept on the y
axis. (Wherex =)

63. Complete the square and hence find the coordinates of the turning
point for the curve V= oox 2 6x+ 10 First take the ~ 1 out as a factor.

Complete the square on the remaining

Jactor and then multiply by the — 1.
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Solving quadratic equations:

These are equations where the highest power of x is 2. E.g. x2+8x=5=0, x> +x=2, x

It is bestto rearrange into the form | ax*+ bx + ¢ = 0

9

= 3x

(Typce 2 can be an exception.)

Type 1- no constant term.

Exampile: Solve x2+8x=0
x(x+8)=0
eitherx=0 or x+8=0
S x=0o0r-8

Factorise left hand side. ( Take x out
as o factor.)

Two factors multiply to give § therefore
one must be 0. (You can miss out this
line if you want.) Note: could be solved
by using the quadratic formula.

Type 2-no x term.

Example Solve x* - 6=0
6
x =V6 or -6

XZ

For this type only.

2

Rearrange to give x™ = ..........

Then square root to give two answers.
(Again the quadratic formula could be
used.)

Type 3 - all terms.
Example: Solve x? + 3x = 4
x2+3x-4=0
(x-1)(x+4)=0

cither x—1=0 or x+4=0

Sx=1or -4

Rearrange to give = 0.

Factorise if possible. (You will have to
use the ‘quadratic formula’ or
‘completing the square’ if it does not
Sfactorise, or you are unable to factorise
it.)

Two factors multiply to give 0) therefore
one must be 0.

Hence find the two values of x.

64. Solve 2x2=5x 65. Solve 4x2-7=0

Important - do not divide by x as this
removes one of the solutions.

66. Solve x2=7x~ 10

67.Solve 2x>—x-6=0 68. Solve x%=x

69. Solve x2+3=35

If the quadratic equation does not factorise (or you cannot find the factors) but it has real solutions, you can

solve it by completing the square, or by using the quadratic formula.

Using completing the square:

70. Solve the equation x*— 10x + 5 =0 by completing the square.
Give your answer in surd form.

Complete the square on the left hand
side.

Bracket squared on the left hand side
number on the right.

Square root both sides. The right hand
side will then be + and the root can be
written in the form a /b

Add 5 to both sides so that you obtain
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71. Solve the equation 2x?+ 12x -7 =0 by completing the square.
Give your answer in surd form.

First divide throughout by 2.

Then proceed as above.

Complete the square on the left hand
side.

Bracket squared on the left hand side
number on the right.

Square root both sides. Rutionalise the
denominator.

Obtain x =..........

Using the quadratic formula:

If rearranged into the form ax’+ bx + ¢ = 0 a quadratic equation can be solved using:

b+ / b! — 4ac Naote: This toremula is derived by first completing the square on
x = Y- ac ax®+ by + ¢ = 0 and then rearranging the result 10 give x. You
2a couid try to obtain the formula yourself as algebraic practice.

72.Solve x? —2x =5 giving your answer in simplified surd form.
Complete: x2-2x-5=0
a=1,b=-2,c¢=-5

In surd form - the ‘clue’ to using the
Jormula (or by completing the square}.
Rearrange to give = 0.

Careful with minus signs.
Substitute into formula.

The exact answers. Simplify.
Note:

V3§ =T 6 =T G =245

73.Solve 2x? =4-3x giving your answer in surd form.

Rearrange 10 give = 0.

Write out a, b, ¢ (you don’t need this
but you are less likely to make a
mistake).

Substitute into the formula.

Tidy up to give the exact answers.
(No calculator!)

74.Solve 2x’-3x-6=0 giving your answer to | 75. Solve 12x—7=3x> giving your answer lo
2 decimal places. 2 decimal places.

Solving other quadratic cquations:

76. Find both solutions of the equation x+ 2 = 15

X
Complete: =15

=0

The question says there are two solutions
50 you must obtain a quadvratic.

Multiply both sides by x.
Rearrange the quadratic to give = 0.

Solve. (This does factorise but you could
use the quadratic formula.)
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x+1 2x+3

77. Solve 7] = -

giving your answer to 3 significant figures.

Here you could rearrange to give = ()
and then subtract the fractions.
Multiply both sides by (2x ~ 1) and
(x - 1). This gets rid of the fractions.

Multiply out the brackets.
Rearrange the quadratic to give = ().

Solve using the quadratic formula. Look
it up and learn it if you do not know it!

2 -
78.Solve ——+ =2 giving your answer to 3 significant
X

+1 x-2
figures.

Add the fractions.

Multiply both sides by the common
denominator to obtain a quadratic in x.
Rearrange to give = () and solve using
the quadratic formula.

1
. Solve ——==4
79. Solve x+2)

Multiply both sides by (x + 2) !
Multiply out the brackets. Careful - best
to write down two brackets and multiply

them out.

Rearrange to give = () and solve.

. 3
80. If f(x)=x—:_3 and g(x) =—,
x—

find the values of x for which f(x) = g(x) giving your answer to 2 d.p.

Put the algebraic fractions equal to each
other and solve as before.

Quadratic equations in disguise:

You need to be able to recognise and solve equations which are quadratic in some function of x

e.g. x*~13x2+36=0 which can be considered as (x*)*- 13 (x?) +36 =0 i.e. a quadratic in x?
2z 1 )2 L 1
x3 —=5x* + 6 =0 which can be considered as (x*) -5 (x’ )+ 6 =0 i.e.aquadratic in x*
Example 1:  Solve x*-13x2+36=0

3 -13 (x)+36=0

Lett=x"? t2 -13t + 36=0
t-4)(t-9=0
t=4o0r9
x2=4 or x?=9
x==%2 or x=%3

ileex=+2o0r+3

. . - 2
Rewrite as a quadratic in x

Let t = x? and write as a quadratic in 1.
Solve for t.

Replace 1 with x” and solve the two
equations.




Example 2: Solve xV -5y +6=0 )
( %)2 5 (‘ 1‘,) f6 =0 Rewrite as a quadratic in x°
X -5\ 6 =
!
Lett= x’ tz =3t + 6=0 Lett x% 1 write as a quadratic
et t = X anc ; ’
(t-2)(t-3)=0 .
int.
t=2or3 Solve fort.
1 L I}
x'=2 or x'=3 Replace 1 with x* and solve the two
x=8 or x=27 equations.
ie. x=8 or 27

4 2
81.Solve x*-2x"-3=0
Rewrite as a quadratic in x ’

Let t = x° and write as a quadratic in 1.
Solve fort.

Replace t with x* and solve the two
equations,

82.Solve y*-12y+20=0
Hence find the solutions of (x*+1)% =12 (x2+1)+20=0

Solve the quadratic in y.
Replace y with x° + 1 and solve the

mwo equations. You should obtain 4
answers for x.

As with the example above.

i

1
83.Solve x*-7x’-8=0 1
Rewrite as a quadratic in x3

L
Let1= X’ and write as a quadratic
int.
Solve for t.
'
Replace t with x* and solve the two

equaltions.

_ 1
84. Solve 2x= 7\/; -3 This is a quadratic in Jx=xt

Rearrange 1o = 0

13]=

Rewrite as a quadratic in X
!

Let t = x* and write as a quadratic in

1. Salve for t.

1
Replace rwith x* and solve the wo
equations.

Solving problems using quadratic equations:
Just write down formulas given in words, then equate or substitute and rearrange to give a quadratic to solve.

85. A square lawn of side x metres, has a path | metre wide at one end as shown. Show that if the area of
the path is equal to one tenth the area of the lawn then x> — 10x = 0. Hence find x, the area of the lawn
and the arca of the path.
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86. The sides of a right angled triangle are x, 3(x+ 1) and 3x +4 By forming a quadratic equation and
solving it, find the side lengths.

A sketch should help.
Use Pythagoras.

The discriminant of a quadratic:

f 2
Using the formula x = Z2E¥P ~44¢ yi can see that there are no solutions if 5° - 4ac < 0 (i.e. You

2a

obtain a negatlve square root.) b?—d4ac is called the DISCRIMINANT of the quadratlc
You can ‘see’ where there are solutions (roots) by con51denng the graph of y = ax’+bx +c
(Putting y = 0 and either factorising or using the formula, gives you where the curve cuts/touches the x axis.)

b’—4ac>0

a>0

b’—dac=0

b*—4ac<0

"

a>0

N

a>0

.

Two real distinct
(different) roots.

/ \

Y

Two real equal roots
(a double root).

/N

%<0

No real roots.

(a)2x +x-8=0

(b) x2—4x+4=0

87. Without working out the solutions, find out whether the following equations have either two distinct
solutlons or two equal solutnons or no real solutions.

(c) 3x2-5x+2=0 (d) x> +3x+5=0

88. Find k if 2x?+ kx + 8 =0 has two real equal roots.

Rearrange to give k* =

For real equal roots b* — 4ac = 0. Use
thiswitha=2,b=kandc =38

Hence two possible answers for k.
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Sketching quadratic curves:

To sketch a quadratic curve y=ax*+bx +c¢

o You know +x”is \/ shaped and ~ x2is /" shaped.

¢ You can use completing the square (or differentiation - covered later) to find the position of the vertex.

e To find where it cuts the y axis you put x = 0 into the equation.

* To find where it cuts the x axis (if it does) you put y = 0 into the equation and solve the resuiting quadratic
equation. If no real solutions (6 — 4ac < 0) then the curve is wholly above, or wholly below the x axis.

89. Sketch the curve y=x’+6x+35

2
y=x-+ 6x+5 Point where curve cuts y axis x=0 y=
Complete the square o . 2 + _,
Jind the vertex. Y= ( ) _ Points where curve cuts x avis. Y = 0,0=x"+6x+5
o . y= ( ) - This one factorises. = ( ) ( )
minimum point ( , ) y= or
¥y

Use d ruder for the axes and label.

No viced o scale the axes Jor u sketch.
~3 and the -1 just need 10 be in
approximdie positions relative 1o each

other and the axes.
g X
Sketch curve. Label where the curve cuts
both axes and the vertex.,
2 3 2
90. Sketch the curve y=x°+4x+3 91. Sketch the curve y=x-"-x-2

Rearranging formulas:
This is changing the subject of a formula. You need to: clear fractions; remove brackets; collect terms
together (and take the subject out as a factor if in more than one term) ; divide.

92. Make a the subject of the formula s =ut+ 1 at?

2
Multiply all terms by 2.
Subtract 2ut.

Divide by 1°

3-m
m+2 Multiply by m + 2.

93. Make m the subject of the formula 5 =

Expand bracket.
Collect terms with m in on one side

the rest on the other.,

Take the m out as a factor.
Divide to give m.
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94. Make x the subject of the formula a/x +b= Jx +c

Collect terms with x in on one side
the rest on the other.

Take ~fx out as a factor.

Divide by the bracket.

Square both sides.

the equation y=x2-4x+ 10

95. Complete the square on x*—4x + 10 and hence make x the subjcct of

Complete the square.

Write the equation with completed
square forn on the right hand side.

Proceed as with solving a quadratic
equation using completing the
square.

Subtract 6 from both sides.

Square root both sides. Don't forget
the £+

Add 2 to both sides.

Simultaneous equations:

If both equations are linear, there are three possible methods:
e drawing graphs of both equations and finding the point of intersection (nor covered here - only do this if asked!)

e elimination
e substitution.

Elimination.

96. Solve 2x+3y=6 ............. M
x=2y=-1l........... (ii)

Multiply (ii) by 2 to give the same
number of xs.

Subtract. (Careful — — makes +)

Divide and find y.

Substitute in (i) or (ii) to find x.

97.Solve 2x-2y=10

98. Solve 3x-4y=14

x+ty=7 4x — Sy =17
Substitution.
99. Solve  3x-y=1 ...........(»0
dx+3y=10 ... (i) Rearrange (i) to give y = ............

Substitute in (ii)
Expand bracket.
Collect like terms.

Find x.
Substitute back into (iii) to find y.
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100. Solve 3x-2y=13
Ix+y=7

101. Solve x-3y=5
2x-5y=8

One linear, one not - solve by substitution method.

102. Solve 3p+q=7 ............. (1)
pi+2q2=17 ..o (ii)

Using linear equation find ¢ =

Substitute into (ii).

Multiply out. Cureful - you may wish
to multiply out the () as two
brackets ( ) )=

Collect together like terms.

Solve the quadratic. (It factorises. 19
is prime so 19p in one bracket and p
in the other and then find the

constant terms.)
This gives two values for p.

Find the corresponding values of 4.

103. Solve 2y=x+35
x*+y?=25

104. Solve 2x+y=2
y=x2+x—2

Inequalities:

Manipulate as with equations, except when multiplying or dividing by a negative number, when you need to
change the inequality sign around. (Or make sure that you do not have to multiply, or divide, by a negative
number by careful manipulation. Note: 4 > x is the same as x <4 ctc.)

105. Solve 2x-3<5x+2

Xs on one side, numbers on other.
Collect together.

Divide by =3 10 get x. Don’'t forget 10
change the inequality sign.

Quadratlc mequﬂahtles: . Y /| Use the convention for
Tosolve x"~x-6<0  factorise (x-3)(x+2)<0 Y ;| GCSE incqualities -
" K dotted line for > or «

Sketch y=(x-3)(x+2)

» | and solid line for < ur >

'2‘\‘ '4'3 You should be able to
. . . AN 4 shade a regiun given
We can see v is negative for values of x between — 2 and 3. N inequalities.

So(x-=3)(x+2)<0 for ~2<x<3 Using set notation the solution is written {x: -2 <x < 3}

or{x:x>-2}N{x:x<3}
~

# Read as * such that } The fiest bracket AND the sceond bracket

have to hold true at the same time.
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Similarly (x-3)(x+2)2>0for x<-2 or x>3 Using set notation the solution is written

Interval notation: The interval [2,5)is equivalentto 2<x<$§
You may not have covered The interval [2,5 ]isequivalentto 2<x<S$
this ~ifically for | . oo .
course P tis el 0 The interval (2,5 ]isequivalentto 2<x<5
know.

{x:x<-2}u{x:x>3}
\

The first bracket OR the second
bracket have to hold true.

The interval [2, o) is equivalent to x > 2 and so on.

106. Find the set of values of x for which x2+3x+2 2> 0

Need to sketch the graph of
y=.\'2 +3x+ 2

First find where it cuts the x axis.
ie. wheny=0.

Factorise.

Find x.

Sketchy = x* +3x+ 2,

What values of x make the
y coordinates 2 0.

107. For what values of k does the equation x?+(k+1)x+k+4=0
have real roots?

Use the discriminant. b* - dac 2 0
Muliiply out.

Tidy up.

Sketch the curvey = k* - 2k - 15
You need 10 factorise to see¢ where it

cuts the k axis.

What values of k make the y
coordinates 2 0.

108. Find the largest and smallest value of p for which p-2p<3

109. Find the set of values of x for which 7x-x2> 10
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Mixed guestions 7

=¥y

110. (a) Express J8 inthe form @b where a and b are integers.

i
(b) Find x if x*=38
(c) Express 8 i as a fraction

(d) Write 8 as a power of 2

111. (i) Simplify (2+«/§)(2—\/§)

(i1) Express 73\/3 in the form a + b3 where a and b are integers.

112. Express V63 inthe form avb where aand b are integers.

Al
2

13. Simplify -(—)

114. (a) Write the following as powers of 3 (i) +/3 (ii) 27°
(b) Hence solve the equation 27"x3%"' =43

115. Express :f;? in the form a + b7 where a and b are rational

numbers.

116.1f 2 =442 findx.

117. Express p in terms of g if 37 =279""

1 3)?
118. Expand (x3 —3x’)
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119.

Givenx=2"and y=4" find, in terms of m and n, 16xy as a power of 2

120.

Simplify 4x*>-(6-x?)

121.

Simplify 6x’y+3y2 -2y (x2-x"+y)

122.

Expand (x2+5x-3)3x2-2)

123.

Expand (x-3)2

124.

Factorise 10x> - 5x°* + 20x

125.

Factorise -9

126.

Factorise 2x*—32x

127.

N i
Factorise x°+6x+ 8

128.

Factorise x2-2x-15

129.

Factorise 5x2+x—18

130.

Factorise 5x%—9x- 18

131.

Factorise (x—2)2—5(x~2)(x— 1)

132. Simplify these fractions:

@3 (&) © 25
133. Simplify these fractions:

o) e Ofr © T
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134. Work out:

@+3 -+ © %+

X

- |rq

1 P X 2 ; —_— L
) 357+ 3 () § + 2 ) 7 —

135. Write x* + 6x + 8 in completed squarc form. Hence solve the equation x> + 6x + 8 =0

136. Complete the square for 3x? - 24x + 24

137. Solve x%-5x=0

138. Solve x*-5=0

139. Solve x*—x—-12=0

140. Solve x?=7-2x by complcting the square. Give the exact answers.

141. Solve x*—2x—1=0 giving the roots in surd form.
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142. Solve (2x-5)%=2x giving solutions in simplified surd form.

143. Factorise and complete the square on x*+x-6 Sketch the curve of y=x*+x-6
Label the intercepts with the axes and the vertex clearly.

144, Write 2x2+ 12x+ 16 inthe form a(x+b)%+c

145. Solve the incquality 3x—2x*<0

. 10
146. Find both solutions of the equation x +3 = —
x
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147. Find the values of p and ¢ for which7
x'~bx+p=(x-q) +4

148. Solve the pair of equations
y-x=4
yi-5x2=20
Comment on your solution.

L i
149. By substituting t=x* find the values of x for which x —5x*+6=0

150. Find the range(s) of values of x that satisfy the inequality x*> 2x + 8

x+1
151. Rearrange y = o1 to find x in terms of y
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When given coordinates it is usually helpful to sketch a grid with the approximate position of the points.

From your sketch you will be able to find:
e The gradient of lines between two given points.
¢ The midpoint of a line between two given points.
The midpoint of a line joining (x;,y 1 )and (x2,y2)1s

(x, +x, W+ y:)
2 2

o The distance between two given points by using Pythagoras’ Theorem.

The distance between (x; , yy ) and (x2, )2 ) is

The gradient of a straight line:

Covered at CSE

\/( Xy =% )? +(y, ’}’n)z

The gradient of a line m, through (x;, y1 ) and (x2, 2 ) is:

Y2 =N

X, — X,

Parallel lines have the same gradient.

(Note the positions of v, , x;and
¥, X;. They must not be mixed up!)

You may not have covered
tins specifically for your
course, but it is useful to
know. 11 is covered in the

vectors lopic.

If two perpendicular lines have gradients »1y and m» then

-1

mmy=-1or m =—
m

You can easily see how to
waork out the results of these
[irst three equations by
druwing a sketch showing
the approximate positions of
the polms. You would not
hruve to use the equations.

152. For a line joining the points (-1 ,5)and (3, 1)
Complete:
Gradient of line =

Gradient of a perpendicular line =

Midpoint of line =

Length of line =

A sketch helps.

Use the formulas or sketch (o
answer these.

Leave in surd form. Remember:
Vi2=Vdx3)=Vax 3=2 V3
VA5=V(9x5)= Ox 5=3V5 elc.

153. Find the distance between the points ( | ,~1 ) and (5, -10) giving your answer to 1 decimal place.

The equation of a straight line:

Where m is gradient and the line cuts the
yaxisat( 0, c), the v axis intercept.

y=mx-+c

Another commonly used form is

Straight line equations given in other forms can be rearranged into these forms.

axtby+c=0

154, Write 5x+2y =3 inthe form y=mx+c¢

155. Write 3y—6x+4=0 inthe form y=mx+c

156. Write y = 2?)[ +5 inthe form ax+by+c=0

5 3
157. Write y = 3 —-21 in the form ax+by+c=0
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Drawing a line, given its equation:
There are several standard forms for the equation of a straight line.
(1) x=a A line parallel to the y axis
e.g. x=3 passesthrough (3,-2),(3,0),(3,7)...
in fact all the points with x coordinate 3.

(i) y=>b A line parallel to the x axis
eg. y= -1 passesthrough (8,-1),(0,-1),(-4,-1)..
in fact all the points with y coordinate — 1.

(iif) y=mx A line through the origin with gradient m.
c.g y=-2x

(iv) y=mx+c A line with gradient m and y intercept c.

eg y=3x-1 -4y +8=0

(v) ax+by+c=0 To draw this, cither rearrange
into y = mx + ¢ or substitute inx =0 - X
andy =0 to find the points of

interscction with the axes. e -~
cg Jx-4dy+8=0
x=0 =-4y+8=0 = y=2
y=0 = 3x+8=0 = x=—§
y»=3x-1
Sketching straight line graphs: x=3

A sketch of a straight line graph needs to show the slope of the graph (+ve or —ve) and the intersection with
the axes. You do not need to put scales on the axes.

158. Sketch the graph 2y —3x+6=0

Complete:
x=0 y= Find where the graph cuts the axes.
y= Rearrange to find the gradient. (Not
needed but gives a check on your
points.)

Sketch graph. (You do not need to put
in scales for u sketch but label
intercepts on x and y axes.)

Note: Always use a rulder for straight
lines when drawing a sketch.

159. On the graph below sketch and label y=5, x=-2, y=x,y=2x+3




Finding the equation of a line:
Given the gradient, m, and a point ( x;, y1)

y=-n=m(x-x)

27

160. Find the equation of the line with gradient 3 that passes through
thepoint (2,5)

Comp lete: y-5=3( )
y-=5=
y —

Multiply out the bracket.

(+5) know m.

Alternative: Use y = mx +c. You

Ly =3x k¢ Substitute
x=2 and y=5 to find c.
Then write down the equation,

Given two points (x;, y; ) and (x2, y2).

Xy =X X-X,
and y-y;=m(x-x)

Use m=22"0 OR Use 220

Ya=h

X, =X,

Note: The perpendicular bisector of a line:

e is perpendicular to the line and therefore has gradient ( —1/gradient of line).
e divides the line in half and therefore the midpoint of the line is on the perpendicular bisector.

161. Find the equation of the line through (-2,-3) and (1,5)

A sketch showing the relative
positions of the points will help.

Use the equation/s above to write
down the equation of the line.

Multiply out brackets and collect like

terms and tidy up by multiplying by 3
OR

Multiply both sides by 3, multiply out

brackets and collect like terms.

162. Find the equation of the line through (2,-3) and parallel
to the line x -2y +5=0

Find the gradient of the given line by
rearranging infto the formy = .....

Use the formula and tidy up.

163. Find the equation of the line that passes through | 164. Find the equation of the line that passes through
the point ( 5, — 3 ) and is perpendicular to the the point (-1, -2 ) and is perpendicular to the
line y=2x-1 line that passes through the points (- 1,7)

and (8,-2)
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Intersection of two lines:

Two non-parallcl lines will intersect at a point.

To find the point of intersection - solve the equations of the lines as simultaneous equations.
At the point of intersection the coordinates satisfy (fit) both equations simultaneously.

165. Find the intersection of the lines y=3x-4 and 4y+2x=7
Substitute v = 3x — 4 into second
equation.

Multiply out the bracker.

Collect like terms.

Find x.

Substitute into y =3x -4 to find y.

Graphs:
You should know the shape of certain curves. For each of the following sketch the curves marking in the
important points and state any asymptotes.

)= .: "1=l
y=xandy=-x yEx
y=x"
3 y=-x’
yo2
P
v= o y=-x*

Check these by using a graphics caleuluior or computer.
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. . v
y is proportional tox These all mean the same.

y is directly proportional to x As one increases the other increases. v =k
y varies as x If x is doubled 50 is y.

If x is multiplied by 5 so is y.

y varies directly as x ’
elc.

Youwrite y o« x

Then y =kx k is called the constant of proportionality.

A graph showing direct proportion, will be a straight line graph through the origin, with gradient k.
If x can only be positive, for example a measured distance, then just the top right quadrant of the graph is

valid.

166. The distance travelled by a car, d (metres), moving at constant
speed, is directly proportional to the time taken, t (seconds).
Given d = 15 when t = 4, Find:

(i) d whent=12 (i1) twhend =60
Complete:
d «
d =
k = S0 d=
(1)
(i)

Write with the proportionality sign.

Write with the = and k.

Substitute for d and 1 1o find k.

Write the formula with this value for k.
(i) Use t = 12 1o find d.
(ii) Use d = 60 10 find t.

167. The distance travelled by a body under free fall, is modelled so that
the distance travelled, s, is directly proportional to the time
squared. If the distance travelled is 705.6 metres after 12 seconds,
find the time taken to travel 122.5 metres.

Write with the proportionality sign.
(ift 2 is doubled so is 5. elc.)

Write with the = and k.

Substitute for s and i 1o find k

and write the formula with this value

Jor k.

Uses = 122.5 to find 1.

The graph of s against t* would look
like this.

§

2

'’

168. The time period of a simple pendulum, is modelled so that the time
period varies directly as the square root of the length of the
pendulum. When the length of the pendulum is 1.5m, the time
period is 2.45 seconds. Find the time period if the length of the
pendulum is 2 metres. Give your answer to 3 significant figures.

Write with the proportionality sign.
Use T for time period and [ for the
length of the pendulum.

(If Nl is doubled so is T, etc.)

Write with the = and k.
Substitute for T and | to find k

and write the formula with this value
Jork.

Usel =210 find T.

The graph of T against I* would look
like this.
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Inverse proportion:

You write

or

y is inversely proportional to x ere, ‘ er
If v is doubled y is halved. IF x is

ete.

Here, as one increases the other decreases,

multiplied by five, v is divided by five.

y o =
X
1

y:kx._
)

A graph showing inverse proportion will be a reciprocal graph.

If x can only be positive, for example a measured distance, then

valid.

k is called the constant of proportionality.

just the top right quadrant of the graph is

169.

p is inversely proportional to q and p=2.5 when q=2
Find p when =25

Write with the proportionality sign.
Write with the — and k.
Substitute for p and q 1o find k

and write the formula with this value
Jor k.

Use g = 25 10 find p.

170. Boylc's law states that the volume of a given amount of gas, held at

constant emperature, varies inversely with the applied pressure.
A sealed box contains 5 x 10~ m* of air at pressure of

1.2 x 10° N/m?. The box is squashed until the volume of trapped
air is halved. If there is no change in temperature, what is the new
pressure of the gas?

Write with the proportionality sign.
(Use V and P.)

Write with the = and k.
Substitute for V and P to find k

and write the formula with this value
Jor k.

Use V=10.051t0 find V.

The graph of V against P would look
like this.

171.

The acceleration due to gravity of an object changes with altitude.
The gravitational acceleration is inverscly proportional to the
squarc of the distance from the centre of Earth. Modelling the
distance to the centre of the Earth as 6371 km and the gravitational
acceleration as 9.8 ms™ at the surface of the Earth, find the
gravitational acceleration 1000 km above the surface of the Carth,

Write with the proportionality sign.
(Use aand d*.)

Write with the = and k.

Substitute for a and d to find k

and write the formula with this value
Jork.

Use d =1000 1 6371 to find a.

The graph of a against d* would look
like this.
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Sketchuing polynomials:

Cubics Quartics
To find where a curve cuts/touches the To find where a curve cuts/touches the
xaxis puty=0 xaxisputy=0
Given y=(x+1)(x-2)(x-3) Given y= (x+1)2 (x—l)(x 2)
Lety =0, O0=(x+1)(x-2)(x-3) Lety=0, 0= (x+l) (x=-1)(x-2)
Three brackets multiply to give 0 so one All multiply to give 0 so onc must be 0.
must be 0.
Either x+1=0 or x-2=0 or x-3=0 Either x=0 or x+1=0 or x-2=0 or x-3=0
x=-1,2o0r3 s x=-1twice, | or2
The curveis y=x>-4x* +x+6 The curve is y=x"—x3—3x2 +x+2
=(x+1)(x-2)(x-3) =(x+ 1) (x=1)(x-2)
x* is dominant so the curve is like y=x> for x* is dominant so the curve is like y=x" for
large +ve and —ve values of x large +ve and —ve values of x
A sketch of the curve: A sketch of the curve:

y=(x+1)(x=2)(x-3) y=(x+ 1) (x=1)(x-2)

¥ {

A !

/' A /
J
\ . ;
RN
—/ ' N_73 Tx

If there is a squared factor then the There is a squared factor so the curve touches the x axis
curve touches the x axis atx=-1

eg y=(x+1)*(x-2)

wheny=0 x=2or-1 twice

x* is dominant so the curve is like y = x* for

large +ve and —ve values of x
y=(x+1)(x-2)

14

1N\ 2
R}

You should know:

e the basic shapes for y=x*, y= -x*, y=x*and y=-x
e the position of graph for large positive values of x and large negative values
of x

eg If y=x’+ 2x - 5x -6 then for large +ve values of x the x> term is
dominant and 0 the graph is similar to that for y = x> for largc X.

If y=—x>+2x%~5x-6 then for large +ve values ofx the - x* term is
dominant and so the graph is similar to that for y = —x* forlarge x.
Similarly for a quartic.

how to find where the curve cuts the y axis (where x=0).

how to find where the curve cuts the x axis (where y=0).

how to find the stationary points by differentiation - covered later.

4
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If there is a quadratic factor that does not factorise, or using the quadratic formula does not give real roots
(b7~ dac < 0 ) then the curve will not further cut or touch the x axis.

I
i

1

E ,"i .‘1 E .: B ’ Note: (1 =x}=-(x~ 1}
. * S S o e, 50
! | ! SO N S S Lo yE( =W -2+ 1)
L ’ A ! i y = (x=D-Dx + )
N i 4 v
4 1 NS 7
SRR COE AR FE (a3 20k ) FEA=INA AR -x 1) s (lex -2 0ot L) ==(x=1)v-2)xt1)

In this section we are interested in where the curve cuts/touches the axes.
Do not find the stationary points in thesc questions.

172. Sketch these curves showing where the curves cut the axes: ,
(@ y=(x+2)(x-1)(x-3) (b) y=(x-1)"(x+3)

173. Sketch thgse curves showing where the curves cut the axes:
(@ y=x"(x-2) (b) y=(2-x)(x-1)(x-4)

174. Sketch th?sc curves showing where the curves cut the axes:
(@ y=x"(x-2)(x+1) ®) y=(x+D(x=-1)(x-2)(x+3)




Transformations of graphs:

y=l 3y

These graphs show:

A curve with equation y = f(x + k) is a translation of

-k
y=f (x) by vector ( 0 ]

33

175. Here is the graph y = f(x) where
fy=(x=2)}x+1)x+3)

On the same graph sketch y = f(x - 2)
Label where the graph cuts the x axis.

r=1a)

Write down the algebraic equation of f(x—2)
(Replace every x in f(x) by (x-—-2) and simplify.)

f(x—-2)=

These graphs show:

A curve with equation y=f(x) +k

0
is a translation of y=f(x) by vector ( k)

176. Here is the graph y = f(x) where f(x)=2"
On the same graph sketch y=f(x) + 1

Write down the algebraic equation of f(x) + 1

fx)+1=

These graphs show:

A curve with equation y =a f(x) is a stretch of factor a
parallel to the y axis. (Away from the x axis.)

el

y=(x=-2)(x+4)

r=2x-2)x+4)
Stretch factor 2 parallel
to the y axis.

Away from the x axis.
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177. Here is the graph y = f(x) where
fx)=(x=2)x+1)x+3)

On the samc graph sketch y =2 f(x) /_\

y=1f{x)

Write down the algebraic equation of 2 f(x) 7, B
(Just multiply whole of f(x) by 2)

Ed

r=(2x-2)2r+ 8)
Stretch factor ¥ parallel
to the x axis.

Away from the y axis,

2f(x) =
These graphs show: »= e 2+ 8)
A curve with equation y= f(ax) is a stretch of factor !
a
parallel to the x axis. (Away from the y axis.) -8 e ¢

178. Here is the graph y = f(x) where "
F)=(x=2)(x+1)(x+3)

On the same graph sketch y = f(2x)
Label where the graph cuts the x axis.

v=1flx)

Write down the algebraic equation of f(2x)
(Replace every x in f(x) by 2x)

f(2x) =

Uscful to know this particular case.

These graphs show:

A curve with equation y = f(~x) is a reflection of y = f (x)
in the y axis.

179. Here is the graph y = f(x) where f(x)=(x-2)(x+3)
=x'+x-6

On the same graph sketch y = f(-x)
Label where the graph cuts the x axis.

Write down the algebraic equation of (- x)

(Replace every x in f(x) by (- x) and simplify.)

f(-x)=
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Useful to know this particular case.

These graphs show:

A curve with equation y=—f(x) is a reflection of y = f(x)
in the x axis.

35

180. Hereis the graph y=f(x) where f(x)=(x-2)(x+3)
=x’+x-6

On the same graph sketch y =—f(x)

y="fx)

Label where the graph cuts the x axis.
Write down the algebraic equation of — f (x)

~f(x) =

181. Here is a sketch of y=f(x) ,
Y y=Rx)

/N

/] \/lz x

On separate diagrams sketch the following:
(@ y=£fQ@x) () y=f(=x) (c) y=3f(x) (d)y=Ffx+3)

Label the important points. i.e.
where the curve cuts the axes.
Label your graphs.




36

182.

(a) Fully describe a single geometrical translation, that maps the graph of y=2* onto the graph of y .=”2 o
(b) Fully describe a single gecometrical stretch, that maps the graph of y=2" onto the graph of y=2"

-2
183. The graph of y=x"—3x+ 5 is translated by the vector l ]

0

Find the equation of the translated graph, giving your answer in its simplest form.

Intersection of straight lines and curves:

To find the points of intersection, substitute for x or y from the straight line equation into the other equation

and solve.

Ve

Straight lines and quadratic curves will:

¢ Interseet twice - where they intersect there
will be two distinet roots (solutions) when
solving equations o lind v or y.

*  Touch - where they touch there will be
cqual roots when solving equations to find
xor v The line is a tangent Lo the curve.

e Not mect - there will be no real roots when
solving equations to lind v or v.

Straight lines and cubics will:

¢ Intersect at three places - where they
intersect there will be three distinet roots
(solutions) when solving equations to find
xory.

¢ Intersect once and touch once - there will
be three roots (sofutions) when solving
equations to find x or y. One double root
{where the line touches) and another
distinct root (where the line cuts).

e Intersect once - there will one linear factor
and a quadratic factor that docs not have
any real roots.

Except y=x" and transformations of y = x'

Straight lines and circles will:

e Intersect - where they intersect there will
be distinct roots (solutions) when sofving
equations to find v or y.

s Touch - where they touch there will be
equal roots when solving equations to lind
xory. The linc is a tangent to the curve.

¢ Not meet - there will be no real roots when
solving cquations to find x or .

184. Find the coordinates of the points of intersection of the curve
2 .
y=x"~1 and theline y +x=35 Sketch hoth curves.

Reurrange the linear equation 1o give
yinterms of x

Equate.
Tidy up.
Solve the resulting equation by

Jactorising, or using the quadratic
SJormula.

Find the corresponding values of v.

Sketch. Label the points of
infersection.
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185. Find the cquation of the line through the points (-2, 11 )and (4,7)

186. Find the equation of the perpendicular bisector of the line joining the points (1,7 )and (9,3)

187. The electrical resistance of a wire is inversely proportional to the square of the radius. Given that the
resistance is 0.02 ohms when the radius is 0.1 cm, find the resistance when the radius is 0.3 cm. Give
your answer to 1 significant figure.

188. Triangle ABC has vertices A(-1,2),B(5,2)and C(4,9). N is the foot of the perpendicular
from B to AC. Find: (a) the equation of AC (b) the equation of BN.

189. Show that the line y =2x—7 touches the curve y=x?—-6
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190. If f(x)=x +x-2
(i) Find where the curve y = f(x) cuts the axes.
(i1) By completing the square find the minimum point of y = f (x)
(i11) Sketch y = f(x)
(iv) On the same diagram sketch and label y =2 f(x)

191. The coordinates of A, B and C are ( 3,-1), (5,3 ) and ( 2, 2 ) respectively. Find the length AB, in the
form avb, and the mid-point of AB. Show that ACB is a right angle.

192. f(x) =x(x-3)* (i) Sketch y=1(x) (ii) On the same diagram sketch y = f (3x).
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DIFFERENTIATION
Finding the gradient function:

For each of the following graphs the gradient changes smoothly as you move along the curve as shown:

¥ ¥ y I
1]
tve e -ve tve Ve
vy Ve ve
0 ! \J/
x -

P S0

x o x

If you work out the gradient at various points on the above graphs and plot them against x, you would obtain
the following;:

gradients. These 4
show how the S
gradient changes a \
as x changes i.e.a )

function of v - the o e \

gradient function. , ’ x \/ x

!
'

Graphs of" the Gradient e GIHTM Gradient

Finding the gradient function is called differentiation.
Differentiation: from firstprinciples:

Consider the graph of y = f(x) and a general point on the curve (x, f(x) ) y=1v

The gradient of the curve at this point = Gradient of AB for small h (you may have used dx)

If you make h small enough the gradient of AB will equal the gradient
of the curve at A. This is called taking the limit as h tends to 0
and is written }‘1_r)r(|) (gradient of AB)

((x+h),flx +h))

fix +h)) - o)

The gradient of the curve y = f(x) is written %

and so @& - lim  fx+h)-f(x)
h

dy h—0
Example: Differentiate x* from first principles. ¥ yEx
dy . 2 2
2= ,l,'_{,’(’, (x+h) —x (G h), (x +hy)
dx h T
. 2 22
= lim x +2xh+h"—x The given
h—0 h function x*
| with (x+h)
= lim 2h+h® = lim 2xh+h? substitutcd
h—0 h h—s0 h h for x.
= lim 2x+h
h-0
= 2x

Example: Differentiate 2x 24 5x -3 from first princip[es. A sketch of part of a curve will help you *see” what you are doing.

Let f(x)=2x2+5x-3

flx +h)—f(x) =2(x + h) >+ 5(x + h) =3 - (2x 2 + 5x - 3)
=2x*+4xh +2h®+5x+5h -3 - 2x2—5x+ 3 (4x +h), 20 +hY + 5(x + h) - 3)

The given
function
with (r + h)

=4xh + 2h2 + 5h siubsliluled
@ - lim 4xh+2h*+5h - lim 4x+2h+5 (e a3 for .
dx h—0 h h=0

=4x+5
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193. Differentiatc x* from first principles.

194. Differentiate 1 from first principles.
X

Differentisting using standard rebults:
Notation: Given y=x?  you write ? = 2
X

Given f(x)=x? you write f'(x)= 2x

3

Given ‘differentiate x>’ you write ) =92y Or you could write “ Let y =x* then % =2’

oy
eee k 1S 4 cons Where ¢ is a constant
y= kx” — Q =knx"‘l (\er;ecl;;s:r'gn::":“ V=C =D Q = (ic.2or3or-20r~ |
dx or Ve o cte). v dx or‘Aor........ ete).
dy Note: For y=kr L=k
y= f(x) + g(x) = = = f'(x) + g'(x) Diflerentiate each term. ote: For y o
dx Soif y=5x L =5 e
195. Complete: (a) y=x> :>‘_;'; - b) y=6x* = Z'\ =
Iy
© f@=5x> = (0= (d) y=3x"+2x-4 = I =

If you are asked to find the derivative of a function, or the derived function, or the gradient function, then just
differentiate the function you are given.
To find the gradient of a curve at a point - differentiate and then substitute the x coordinate of the point.

196. (a) Find the gradient function for y =6 x> This means differentiate!
Complete: LI
dx R
(b) Find the gradient of the curve y=x* - 3x> + 2x - 5 at the point(2,3)
dv
Complete: j\- = Differentiate.
When x=2, &=
dx Substitute. (Given in question.)
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&
dx
8
X

Complete:

197. Find the point on the curve y = x ? _ 4x where the gradient equals 8.

Differentiate to find the gradient.

Put equal 10 8.

Solve to find x.

Use y = x* = 4x to find y coordinate
and write down the point where the
gradient equals 8.

Rates of change:
dy
dx

(if x changes by S, y will change by 15).
dp

=~ is the rate at which y changes as x changes. —gf— =3 means y is changing 3 times as fast as x

The rate of change of p with change in z is = or the rate of change of p with respect to z. i.e. differentiate p

with respectto z. e.g. If p=2z°+5z-4 then £ =62+5

rate of change in velocity) when =2

198. The velocity of a particle is given by v =3¢ 2 —2¢ Find the accelcration (the

The rate of change of
velocity with respect to time.
i.e. differentiate v with
respect to t.

changing with change in the side length.

199. The side length of a cube is increasing. Find the rate at which the volume is

Write V =

The rate of change of V
with respect to side length.
i.e. differentiate V with
respect to side length.

For any rational number n,

Rational means that n can be a positive,
or a negative integer, or a fraction and
the rule still works!

) dy
E ] M = 2 —_— =
xamples y=x = dx

Take care when you are subtracting 1 from
the power. Fractional and negative powers
are tricky.

-5-1=~6 not-4 and %—— /= ;“ whilst

2 h]
‘]—]—"‘3 e’c.

Example: Find the gradient function for

Wy

3

. 7 -7
If we write y = 3* and use the power rule

Any constant multipliers at the front of the
expression are unaffected by the
differentiation. DO NOT bring the 3 to the

top.
7 .
Here the 5 remains unchanged.

dy 7 3 -4 7 -4 ! 3 1 3
— = oX(-Z)x ? =-L x ¢ x=x' and Nx* = x* and =x?
dx 3 2 2 [
Complete the following:
[3 2 [
200. y=+vx = Zy = Remember: x = x? erc.
X
1 dy Rewrite the function using a negative
201 y= x_2 = 9‘; = power.
2 Rewrite the function using a negative
202. fx)=—= = f'(x)= e )
power.
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il
il

| )
203. y —;—«/E+ 3x?

ﬂ
dx

Write as powers of x.

Differentiate each term.

204, y =4y

Write as powers of x. Cube root -

ower ¥
dy d
dx Differentiate.
3
205. y= Pl Write as powers of x.
=X Careful - Only put the x to the top as a
negutive power.
dy
—_ = Differentiate.
dx
25 Y _3x? First write as two separate fractions
206. y= = and simplify or divide numerator and
X denominator by x. Simplify.
dy
- = Differentiate.
dx 4

207. y= Vx(x+2) =

ilz
dx

Write the \/; as a power of x. Then
multiply each term in the bracket by it.

Differentiate.

208. fx)=x(Jx +2).=

f'(x)=

Write the \/ X as apower of x.

Then multiply each term in the bracket
by the x.

Differentiate.

209. The population. P, of a colony of birds on an island is modelled by

the function P =100+/f + 1000 where t is the time in ycars from the
initial census of birds on the island. Find the rate at which the
population is changing after 4 years.

The rate of change of P with respect to
time,
i.e. differentiate P with respect 1o ¢,

Tangents and normals: Tangent

You need to know:
¢ How to differentiate.
e How to find the equation of a straight line.

. , . = |
e For perpendicular lines m, = — Where iy and mn; are the
m gradients of the two lincs

Normal
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210. Find the equation of the tangent and the normal to the curve

y=2>=5x%+2¢x+5 atthe point (1,4)

Complet b
e A
omple x
d.))
Whenx=1 — =
enx .

.. Gradient of tangent, m =

. Equation of tangent is

Gradient of normal

.. Equation of normal is

Differentiate.

Find gradient of curve when x = |
This equals the gradient of the
tangent. ie.m

Use(y—y;)) =m(x-x)or

» =mx + c to find the equation of
the tangent (which is a straight
line).

Use my = -1/m,

Use(y-y))=m(x~x)or

y =mx + ¢ to find the equation of
the normal (which is a straight
line).

211. Find the equation of the tangent to the curve
y=2x%*-2x+5 atthe point where x=— |

212. Find point where the curve y=x*-x—6 has

gradient equal to 8. Work out the equation of
the normal at this point.
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INTEGRATION
Standard results:

§FL L 18 IR "
IEF 2220 IS R S PR Y

dx

L dy
Given ——, integrate to find y.

Given a point on the curve, substitute the x and y valucs
of the point to find the constant. Write the solution with
the value of the constant.

4
‘('”'] Example: '|-2x3dr = 2: +e
a’
J'a_x"dx g —_ 4+ n_—/_-,_l ) i_‘_ -~
n+l :
'[kdx posmnd kx + C Example: J’3dx:3x + C
Example:
jf(x) + gx)dx = Jf(x)dx+ Ig(x)dx [26 4+ 3u o - 2243 o
Examples:

Find v if 2 = 3x” + 2x
_1’=J.3x2+2xdx=x3+x2+c
Findyirf—?\—t = 2x — 3 and the curve passes
through (1, 2)
v= J'Z.\‘-—3dx=x2*3x+c
x=1y=4 " 4=]-3+c =>c=6

S0 .y=,\'2—3x+ 6

- 4
213, | Sx dx Don't forget the consiant of
) integration.  Tidy up.
3 Integrate each term.
214, |3x* —2x+4 dx &
3 Multiply out then integrate each term.
215. | 4x(x—2) dx . s
1 3 Integrate cach term.
216. | S—x” dx ¢
Multiply out then integrate each term.
217. [ (2x-3)(x+2)dx ol g
3 . First, divide fop and bottom by x.
x_~4x \ P A%
218, j — dx
219. Rewrite as powers of x. Then integrate
3 each lerm.
J- Jx+ —=—-3xdx
x©
220. If g'— =3x" +x findy [mtegrate.
X
221 Find vif &= /:_T +2-3 Rewrite as powers of x. Then integrate
- J PR - cach term.
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222. Findthe gradient of y= x*-3x*+7 where x =2

223. Theequation of a curve is y=x?-x— [2
Find: (a) the gradient where the curve cuts the y axis
(b) the gradient at each point where the curve cuts the x axis.

224, Find the coordinates of the points on the curve y=x'—12x +9 where the gradient is 15.

d
225. Find d—i when y = 2x+3\/_-%

226. A curve has equation y =2x?+ 5x — 4
Find: (a) the gradient of the tangent where x = 2
(b) the equation of this tangent
(c) the gradient of the normal where x = 1
(d) the equation of this normal.
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227. Find the equation of the tangents to the curve y =x2- 5x +4 at the points where the curve crosses
the x axis. Find the coordinates of the point where these tangents meet.

228. A curve has equation y=(x+4 }(x-1)x-3)
Find:
(a) the equation of the tangentat (2,-6)
(b) the coordinates of the point where this tangent meets the x axis
(c) the equation of the normal at the point where x = |
(d) the coordinates of the point where this normal and the tangent meet.

229, Find g" for each of the following:
X

2x% - 5x

Jx

@ y=x'-5x+4 (B) p=x(x+4)(x-5) @ y=20c (@) y = L+ 2= () y=

X
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230

.Integrate 3x* ~4x -5

231. jx2+3x—4dx

232,
41/;——2—2-dx
233. .
x? (x-6)dx
234,

" 3
L gy

235

d 2 ,
f i=3x‘+ 4x find y giventhat y=7 when x=1

236

(=Y ar
I

237

. Integrate (3x+1)2

238

. Find y if %/I‘T =8x+1 and the curve passes through (2, 5)

239

. Find y if % = -1 and the curve passes through ( 1, — 4 ). Sketch the curve.
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M ixed Questions 4

240. Il f(x) =x* sketch the graph y = f(x)
(a1) On the same diagram sketch and label the curves y=7(x+3) and y=- flx+3)
(b) Vrite down expressions for f(x +3) and —f(x + 3) in terms of x.

241. Find the equation of the line through (-2, 5 ) which is parallel to the line y=6-4x

(V2-1)" .
242. Express J2+1  inthe form a+ b2 where g and b are integers.

243. Given 8°=4" ' find the value of x

244, Find [$+/x° —% dx

245. The volume of a container is dircctly proportional to the squarc of its hcight. The volume is 279 cm’®
when the height is 8 cm. What is the height if the volume is doubled? Give your answer to 3
significant figures.
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246. Given that f(x) =x*+kx+4 and that the equation f(x) =0 has two real distinct roots, find the set
of values that k can take.

247. Find the points of intersection of the curve y=x*—6 and the line y=x+ 6

248. Sketch the graph y=x?+3x - 10 labelling all intersections with the axes.
State the range of valucs of x for which x2+3x~10<0

249. Find the equation of the line through ( 1, - 3 ) which is perpendicular to the line y ~2x+5=0

250. Evaluate 873 + 275

251. Find 2 in each of the following (i) y= +x L (i) y=x(x®-2x) (i) y= 2122

252. Calculate the discriminant of 2x*+ 3x +4 and hence state the number of real roots of the equation
2x*+3x +4=0

253. Complete the square on x*—6x + 5 and hence state the coordinates of the vertex of the
graph y=x?—-6x +5
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254. Given ( 2-4/5 )( 3-45 ): a+bS where aand b are integers (a) find the valucs of @ and b.

Given ;::’f;- = ¢ + d /5 , where ¢ and d are rational numbers  (b) find the valucs of ¢ and d.

255.1f y=2x*~3x-4 find the valuc of % when x =2
X

Hence find the equation of the tangent to the curve y=2x'--3x 4 where x =2

256. Solve the simultaneous equations x*=2xp=15
Iy+x=0

257. The area of a rectangular piece of carpet is 12 square metres and the perimeter is 19 metres. Find its
length and breadth.
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258. An oil tank is being tilled such that it contains V litres of oil at time, t, seconds where V = 10t? + 8t
At what rate is the tank filling when t = 4 seconds. (Note: %4 is the rate of change of volume.)

259. Find the cquation of thc perpendicular bisector of the line joining (2, -5 yand (-1 ,-3)

260. Differentiate x>~ 3x +2 from first principles.

261. Without working out the turning points sketch the curve y=x?(x-6)

262. Sketch the curve y= —==  State the equations of the asymptotes.

x+3




32 Lplrie Horkbooky
»
f?\ﬂgwce rs
Page3 ] Page6 ! h 2 e -3
Loy 16--2% -4 %and therefore 16 =2 17 SQ@x=-T)~15x-35 A v
and 16" = I8, —(2v-3)==2v-3 ! el 2 A
(b) 27=3° and 27*%=3 19. = 2065 + 11) = -12¢ - 22 R e
(€) 64=87=4%=(2%7=2%nd8 =64 “and | 20. (2x+ )(3x- 5) = 6~ [0x 4 20~ 35 ! N . s
. 464 " and 2=64 =6v + 11x-35 BT E S
) 81973 and 3=81" and 9 =817 2L (x = a2~ §) = 20 Rr = 5x - 20 LT o
N N R L = 2= 136420 T s N SRR St X
I o 22 (- = (2 3)(Q2r-3) P v

() 125”‘ =5 (1672 47— 4= Gx +9 57 U0 I AR = el

ey 16" (m"‘--—(z):: H] . =4~ 120 +9 . TN i) 1=t

0 ,1 "g (2" oy 23 - 3x HAN2E - Sx+ 1) = 25ty
- G +15x% B8 -200+4 23y md +3

[¢3] 4 (4 ) {'7) “3" —.«_-2"‘.4'”'”\34.24[ -23x4+4 _ ”2)3 1

th) 25 —(2§ W 528 24, (v + v = S)x - l)3 (v + 2)(x° ~6x +35) o DS9 AC - 120 S =0 dy 1 8]

G ()" = o =‘1'“=9 *; ~-_‘:‘ ';\‘;"’B“ Ry-10 ::iux.--w m:; 543

Se = - = =)

@ . f LN N 2. 2041« Ax+ A+Br-28 }!E_'))-) “l
(:ql' =) 8} (Y 2 Equating coefficients of r: 2= A+ B G020+ x5 =2 S §72)
A LA Y 4 Equatmg coustant terms; | = A28 =2 (x q/'))« 25/4 - 572]

. . Subtract 1=3B = B='% =2 {x+ 5 7)~ 354

) ;- 3-=9 Substitute 2 =A+4% = A=50 =2 52Y . 3572

Paged 26. 27 + 8y + S a2 +dux + 207 + b 6L i) (x+ Tx - 1) (x+37-16
' 5 Equating coefficients of «: 8 = da a=2 by (x+3)2x~ 1y, 2Ax+1yY -5
3. Complete:..... —3 Tx3'x30= 37 Equating constant terms: 5 =2q° + b o N
: - Substitute fora:  S=8+b = b=-3 b2 v=(x=7) -3 -0
4. xyfx = .‘c- orx Page] .y
27. () 4x(y+1) ¥l Yy

© £ = xx ' o=yt

(h)
5.3

6.(S- V) +3(2-2=5.

) D
) ¥V’ = x'xf =7 or Vi

fm

for Jx
x'; or \/-\:
x or \/—

ti

) 2,\’\/—— 2rr —-2x orvf

=

—L
=3X

—\f\‘\’ -\"or\/_

(z 15N -2(5- 332 = 615V2-10+6¥2
=—4+21\2

B+6 32
=11-¥3-3V2
V8) = 6-10-4VS43Vs =

(\\

2 \!:)(7 -4-v5

" (3 V2)' = (3-V2)(34V2) = 9424642 = || + 642
9. (N5 2V5X 2 V3 -

3V5) = 6-30+4V5¥3-3v5 V3
=-24+V15

Pages

0.) V8 = Vax2 = V32 =247

) VI8 =y9%2 = yOxy2 =343
©V75 = V3X 25 = /3 x /35 = 53
(«l)\/son = 36x%x10 = 6-/10
©) V32=Vi6x2 =16 x2 =442

n «/il5=vm=«/§.‘<x/5=3\/§
®~98 = ViTx2 = 147

M 15/0.44 "5va?" % .":Jl_l 311
L os 547 5%

3 i 2

12 123 i, =
TETHRTTT T4
3. 2348 _ 245058 7,/119 < 3

\r.'; - J;VE

2-v2 _ 2J2- 33 24’2’--
14, = = = .2 -
4 2 Y2 2 ‘/: !
502 = 15 + 45 - 33

I3

6. 4 (2.5 g 4.,s .

B0

(b) 42v-3)
(©) 3ab(8b--5a) (d) 2bc(3a+4)
(©) 3pq(3p-2q9) (f) ziz- 1)
28.{(a) 3Q2v+ D) () 34x~3)
() x(x-3) (d) 2x(x+4)
29.(a) (v~ I}x+35)
() (x+2)[3(x- 1)~ (x~3)]
=@ E2M3x -3 -x +3)=(x +2}2)
= 2x(x- 1)
(€} 2x(x + e + d(x - 1] =2x(x + 1}5x~ 4
(d) (x+2)(1 =) +x(1 - x) Yz = 3)
‘(l~t)(,\*4+x(\“-3)
(=) ¥ +dr+d)=(] - xY x+ 2
Pagc8
30. ¥-3x=x(x-3
3L sz ﬁr =2(x~3)
=+ V1) (x =¥
1. r’-\-vo S+ (x 5)
X A iTet 12=(x+3)(x+4)
L - 10x+16= W=2)(v-8)
3 U8 By =) (v +2)
. 6F - 4x - 2=23x+2) (x - 1)
L 8 - 2x~3=(dx=-3) (2 + 1)
L 127 v 4y -5= = (0x+ 5} (2v~ 1)
X 9,\ ~16=(3x-4)(3c+4)
. 4,\ ~121=2x- 1) @r+11)

3x:9
PETS
2 x+l) (r—Z)

43. 72X ’*‘(mx;-’» =

’.\(t«:;

-—.-——.—._.__.

42,55

2x424x-2 1
=2)r4 I) (x— ’X )

44,
x=2 1
2(x+2)(x-2)
{(xr+3x-2)
(257 -3¢-2)
3(x+4) _

- (x#-&)(.u-—-d) -

45.

{0 +3)(x-2)

—_— x+3
T 2(2x+1)a-2)

= 2(2x+1)

46.

k>

47

=42

1
w3 X Iy '4(x42) = 3(r+3)

2(x-3
a9, 228 o

4(x=2)4+3(x+]
50. 12 )

2u+1) 1
(xe)?

48.3

x-ri

Ix-§
12

243
T oxety?

— 82843543
= 5 =

— XL
1 T (eal)?

5L

52.
2ed(x--1)

- Bx-%-Ye-38
12(x+d ) x~1)

12¢x + A)(x~ 1)

o ki s
u(.\ ARx—1)

Ix3(vad)
12(e-N(xsh) —

(-2

3, 6 Gy - 10] =
-——[(\“‘3)' -19]

~(x+3)7 +19
Iummé pomt (-3, 19)
Pngu.l
64. 2% -5¢ =0

Y (2v=5)=0
either x=0 or r~5=0

v Qor 502
63. : 749
A \i ar -v"}
2 2
66, ¥7r+ 10 =
(x=8(x-2)=0
cither x~5=0 or x—2 =0
x=5or2
07 (v +3)(x~2)=0
cither 2v+3=0 or v—2 =0
= =32 or 2
68. X~ 13=0
cizhcr x=0 or v ]=Q
=0 or |
69. =2
Y=z \/2
0. (x-5P-25+5=

(x-35)° —‘20
X=5 =#¥20 =12V
x=Sz2Vs

={{x+3) -9 -10]

Pagel2
7L K ebx-72=0
x4+ V-9-72=0
(v +3) =257
g = < I
I R e
i
xT -3+ 5‘2/'
2 K- 520
a=
- -2 & J{(=2)° - 41(-5)
) JZ" + 20
252 -
X om e ‘«C = Lt 6 ur |- Af6
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73 2 +3x-4 =0
a=2, b=3 ,c=~4

. =3#49a32 _ -3xJ40
R
4 3
74.2°% -3¢ -6 =0
. 324/9+48 _ 3:V57
(e e
|=”h40r—l 4 10 2 dec. pl.
75,3 12x+7 =@
pw 1221088 122760
: 5 [d
r=3.29 0or.71 1o 2 dec. pl.
76. N +2e=15

¥ 2x »':5‘()

-3)=
x=-50r3
Pageld
77, (x + I)(x 1)=(2¢+32x~ 1)
P BT TRR |
I +4x-2=0
£ J16-3:3x(-3) -4?\,"“
- Zx3

=0387 or L72
78, 20¢-2) +3(x + 1)=2x+ [)x-2)
- 44 3x+3=2¢0 - 20 - 4
0=2%-7¢-3
= B
3

‘*389 or -0386
79, 1=4(x*+4r+4)
O=dy’+ {6+ 16-1
<4t + 165+ 15
o c162V18406-4Ax1S _ -162T6
24 - 8
=-15 or ~2.5
: 3
K. T3 =3F
x}-2c=3x+9
’~-5,\~9 =)

X

Pageld
8L (Y -2(-3=0
P o2-3=0
t-3)a+1=0
t*]or
=3 or
Lox= N3
82, (v Dy~ 10)=0
¥=2 or 10
AxHL=2 or EH1=10
£=1 or =9
x=tlorl

D N
83. (r : ‘l(x‘}J -8=0
;
t-N-8=0
-+ 1=0
t=-1or8

=200 4t or641

2‘1

I (1o real solutions)

xXi==] or&
84. Zx-?V'x+3 =0

Z(x%). —7(.r§}+3 =0

207t +3=0
2t-1(1-3)=0
t=%or3
x=Yeor9

85. Area of lawn = »* An:u of path = Ixx = x
Therefore x = 1710 (%)

x=-]or812

1
so x?'= Y% oor3

10x =
0=x2-10x
xix =10)=0
x=0or 10 . x=10"
Arcaof lawn = 100 m*  Area of path = 10 m?

Pagels
86. v‘+(3x+’s)-—(3;u4)z
x‘H),\'+IXx+9 9% = 24x + 16
e =T7=0
F-Nx+1=0
x =7 {or -1 not possible)
sides are 7, 24 and 25

87. ()b - dac=1 —422%(-8) = | + 64 = 65

. Two distinet roots.

(b) b - 4ac=16—-4xtx4 =0
. Two equal roots

©) b dae=25 - 4x3x2 = |
. Two distinct roots.

()b - dac=9—4x125 =920 = ||
.. No real roots,

88. kK- 4.28=0
K =64
k =8o0r-8
Papel6
89. y=F+6x+5
yEx+3y -9+ 5§
ve={c+3) - 4
=) yv=35
0. O=x+6x+S5
=x+5)+ D
x=-50r -1
\ |
\
\ X
A
[yt |
90. y=xX+dr+3

ye+2)7 4+ 3
ye(F3) 1
x=0, »=3
y=0, 0=g+45+3
= (x+)(x+3)
a= -lor -3

N
-3\\_ A !

9. y=Extex—2
reE+12P 14 -2
y=(+ 12 - 94

0 y=-2
=0, 0=¢X-x-2
=x-2)x+ 1)
x=2or -1

\ J
\V

92, 2s = 2ut+ at’
25~ 2ut =at?

93, n(m+2j=3-m
nm +2n = 3-m
nm-tm =3-2n
min+l)=3.-n
m=3—-2n
n+1
Pagel?
94 aVx~Vr=c-b
Vx@-1)=c-b

2
Ve= €2 o (et}
a-1 (0—1)2
95. (2 -4+ 10= (x~2f+6
So y=(x-2P+6
y-6=-2y
+fy=6=x-2
x=2tJy-6
96. Ae-dp=-22 ... iii)
(i) - (iiid Ty =28
y=4
X8
= 4 Answer x=-3,y~=4

97. bx +2v=14
Add Bx =24
x=]
Qig=7
y=-2
Answer x ™3, pmo2
98. 12x - 16y = 56
Ry~ 18y =51
Subtract -v=S5
y=-5
Ix+20=14
Answer x =2,y -5
99. y=3x-~1

Substitute

Subst. 4x+3(3x--1)=10
Ax+9x-3 =10
13¢=10+3
Answer  x=1|, p=2
Pagel§

100. y=7-3x
Subst.  3x-2(7-30~13
Ir -4 +6r =13
Yr-- 27
Answer x=3, p=-1
101. x= 543

Subst.  2(5+3y)~35y=8
10+ 6y - 5y=38
)y::..’_’
x=5-6=~1
Answer x=~1, y=-2
102. q=7--3p

Subst prE 2 7- 3pj‘—l"
P>+ 2(49 - 42p+9p) =
19p* - 84p + 8] -u
(19p-27){p-3)=0
p=3o0r27/19
When p=3,q=-2
When p=27/19, q=52/19
10}.x=2y-~5
Subst. (2p-S5Y +yF =25
47 ~20p +25 4y =25
5% =20y =0
Sp(y-4)=0
y=0or4
When y=0,x=-5  When y=4,x=3
Ansix=-S5,p=0 or x=3,v=4
104, y=2-2x
Subst, 2-2x =r-x-2
0=x"+3v-4
x=@~-+4)
x=lor-4
When x=1,p=2-2=0
When x=-4,y=2+§=|0
Ansix=1yp=0 or y=-4, p= )
105. 2r-5x<5

-3x<5
x>-573
Pagel9
106. yeEX+3x+2
D=(x+2)(x+1)
x==2o0r -1

x£-2 or x2-l

107. Complete: (k=1 ~4.1.(k +4)20
K+2k+1-4k-1620
K*~2k~1520
k- SHk+3)20
k<-3ork25s
108. p*-2p-350
pt1)p-3)<0
Smallestp=-1 largestp=3
109. et T+ - 10>0

=T+ 10)> 0
-{x - 2)x - 5) >0
Answer: 2<x<S$§




|
‘ |

54 g .
- Aiphi Workboohs
:_’%E%Q J}.—E L : Bryw { 143. . 163. Gradient 2 Perpendicular gradient —%
-(a) - SIS, o ST FE@er 3 2) | Equation ofline (v~ ~3) =Y (x - §)
(_b) x ;-:,:.x- . &g 7 y= (“. e V: )',A, 25/4 ;} 2"“;. (, g 5
(©) gz L Iytael =0
’ ) sF i i\\\-‘/z < 164. Gradient [ETE I
: L minal (172, ~25/4)! pernendiculn oo |
) - 51 Yo i 144, +b)  te= 4 2hr + W) + ¢ erpendicular gradient
() g~ =% ;{j ) =2 ax+b) i'tgf?ah?+ a::):: Equation of line  (p~-2)=1(x--1)
. N i " * - s - = -
lll,{i)(;". RS *-s.r/:;i————xz E* \G)a,‘} eqeoeffolx: a=2 yh2=o 4’ !
) - - /- P b wrvie T orf ve . - | il S
" . T A eqeoeffofv: 2ab=12 => b=3 y :
(i TAFE. {‘—;“"3‘ 2“\)2: a eq conl. terms: 16=ab® + ¢ =>16= 1§ + ¢ => ¢ =2 ]ngig "
> f—”—_“/ — i v+ 3) -2 65. 4By ~d)+2x=7
12 63 == <> T =35 y Ty e . 12¢~ 161 2v=7
(3 1 e T — v s ‘uL 145, -2x¢° + 3x <0 146.x° + 3x - 10=0 ldx =23
B e R R N T R Y - - et
255 < ’;(/3(‘)‘(:, i):‘;’,, 5} 22) "0 Xx=23/14  p=(69/14)-4 = [3/14
) L. F e )33 ! o 222 Xx=20r-5 Page29
Haa) (i) 35 CIFI3I5 | Pagedq \ i 166. dxt
i 147.5% -~ 6x + p=a’=2qr + ¢+ 4 d=kt
'.i (|—”3.p'-"9+4”13 IS=k~xd
) 148.p = 4+ x 149, 12 5t+6=0 - __ﬁ
@' -%=20  (t=3)t-21=0 k=
16+ Re + 2 - =20 1=2or3 d=- 15
: Ayt gx44-0 ! e2or3 4
= 2T e 2x 4 (=0 xmq"" (i) d= L J2=45m
. 3 @=1E=1=0 wmdord
222 F == 22T : x = | twice () 60= 18
116, 2% o - .
- 4 x= |, p=S 1= 16 seconds
Soa= % : s { Sﬂllx one sol’;uion and so 167, det?
3 YT i 3o he line touches curve, ¥ d=kt?
117.37 =(3 )f { 150 - 2x-8>0 \ 705.6~k > 144
— b 3B - i % \ y
p=3q -t = i (x-4)x +2) \ k=49
H. x. 20 BT A T 007w - T
18 - ﬁ 2 3 122.5 =497
Pape2l 4. 2T a2 b x<—2orx>4 i/ x t= 5 scconds
19,163y =27 > < - T L T2 BLx— ) =x+1 ) : ‘
120,56 oy 218y e ral l 168. T = VI
122,358+ 154 % — LI~ 10c 4 ¢ ] ey rek
123. ¢ - Gx + 9 B s Dyt 245=kx V1.5
125, (v = 3)r + 3> é"- 220z 4f ' e k=34
127+ A+ 22 ; B. (x5 y= Il o
129, (5x — ())(\: -+ 2) N 30' (5-!'1'6)( % Page25 =1 T= -5&5 Vi
Bl (x = 2 Z = ST D) =i (52. Gradient of line= (1 - $)/(3 - ~1) = 1 4 ,
] o = (x~2) Gradient of a perpendicular line = | f{=2m, T= 1/,1% V2 =2.83 seconds
: , = (x=2) Midpoint of line = (1,3) Page A
N 3 g ine = RN -
132. () 3x By (c> 2\; SLm;,thol'hm. {3__l}.+(|_5}z =432 =43 169. p % J;
; 153, s ol 1 ‘
o Hxey V=1 +(-10--1)" = Jis+81 =07
133.(a) T';T () CA D5 = ¢ =9.81t0 | dec. pl. p=ki
e e ¢ 154, 2¥=3 -3¢ so =~ (572)x + (372) 25=kx¥%
xrx—1) e 2L ) - 5
(c) -((—;—-,—)-(;;'T,T x—6 155. 3p=6x—-4 so  pw2c-(473) k=5
2 156. 3y =2+ 15 p=5xl
Page22 o2 2¢-3y 4 15-0 7
134,60 ®) "2 e 9.r+mf_?5:(‘)0—% Ifq=25. p=5~% =1
b, 2o o BrAx a2 0. Ve
(©) _;;.—f-*;;'—" X 158. x':'~—"() y=-3 and =0 x=2 P kL
3(x 1) a3 I4
4 e N Tl 2 K
@ 5oy T ZRGD T 28 = e
1.6 x
] 6 X + k=6
© 55 t3r 3x V=6xl
(x=1) _ __ ,_ZS"E*:L).__ = ma~)_ i .3 or 4
O T3 (=) 2T g VE6x by =24 107 Nim?
135, (e+ 371 5o 1+
(x+3)P-1 / 171, a « :’l:
x+3=%x1 =k
x==3 %1 ; 3 a=k T’[‘?
Ye-dor-2 / 9.8 x 63711 =k
136, 3(x - 4)' —24 0ors a=98x6371° <
137, y(r—5)=0 = x=0orS ﬁﬁé - !
138. P=5 = .‘--—-'4-\15 or -5 x‘_; - 8”9.8X6371"‘—7—_‘-£l-5-
139. (- dx+3)=0 = ¥=dor -3 Page27 a=732ms? 103 sig. fig.
140. x’+l7;§wg =g 160, p-~5=3(x-2) Page32
x+1)y-&= [ .
¢ re—lt V8 ==t 22 161, y=3 3;‘_6( 3)=> . y=3-1 172.@)
Ml 2T 22 L2 4oy "TITTCD YT
B 2 - 2
= 1+V2or1-V2 -V“‘S”.g-(-v"l) '
2
Tp:‘gg‘frz 20x + 25 = 2x : H-15=85-8 = 3y=fe+7 (b)
-2+ 250 62. y=x2+52 Gradiem % |
4nT - 2.-:\’__“_ e — W==3)=1 (x 2)
ym DA  2Y8 o 2200030 g 21 6ey—2
5 4 Z,V "’l"l‘s =() x
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173, ()

(b)
174, (a)
(by
Lage3ds
175.
\w
t
flx-2)=(x~-4}x-ix+ )
176. ¥
yo )+ vx\
\v fin
S Lo
e
X
)+ =2"+1
Page3d v
177, ) Jfr= 0
A
- \i b W —x
Y
N
i
2 f(x)= 2(x - 2)(x + 1)(x +3)
178. 3
’ 1 fy =0
ke an:
27N _§ /
.\ _./z / { \
R Vo
A
\ ! \\ s.
I _\ J/ i

179. . ¥
\ ~ ’

\v:._:.

\‘_. = f{x)

f-x) = {-=x)2+ (~x) - 6
=x_x-6

Page3s
180.

M) =~ (X B) =~ x + 6= (22N x +3)

_w._.

@ QM _/ ¥ =130

(b)

(©)
: g

N

/{\\

(d) YN owesy

\ -

\\w\/
\& 7 \(_, g

Pageld6
_uw c& Translation by vector ﬂ q

(b) Stretch hy factor 2 _EB__o_ 10 y axis.
183. Replace x with (x +2)
(H2F-Fx+2)+S=x+dr+4-3x-6+$
=xl+x+3

puSeng M oypael
T
\
\

184, 5 . x=x"-1
N=r+x-6
=(x+INx-2)
=-3or2
x=2, y=3orx==3, y=8

Points of intersection are (-3,8) and (2,3)
Pagel7
185. y-11  71-11 =-¢
x--2 a--2""¢
Jp+2v=29
186. Midpoint (5,5) Gradient ~ (4/8) = - 4,

grad of perpendicular 2
Y5 .5 = y=u-s
x-3
187. R« m_ﬂ. = =k +
0.02 % 0,17 ~k = k= 00002
R =0.0002 4
4

R-00002 %L - R=0002 t0]sig. fig
Lo

188, (a) Sy =Tx + 17 (b)) Ty =~ 5x+39
189. 2x~7=x*-6
0=x-2c+1
b -4ac=4-4x[x1=0 (herefore the line
touches the curve.
Page38
190. Saxownxw
¥=0 2 +x-2=0 (x+2)fx-1)=0

x=lor-2
() (x+%)-94 min(-%, tm\J
{iit) & (iv) ,
X x
AN
St
-%.-90)

WLAB= fis 38 4 (3 -1F =20 =245

Mid point (4, 1)

Gradient of AC = ~n|~ =3
2-3 1
Gradient of BC =35=1
=3 x Y%=~ | _thereforc ACB is a right angle.

192. () x(x - 3)°

i1)&(iit j
(in)de(iit) [
i
/
/
V\\
3 4
Paged4t
193 !.kl.‘. - lim m.n..?—.: H.i.«t
T de IO h
lim ¢ +3c¢h+ 3 bt
- f->0 h

fim 3¢+ e’ e

h-»0) I
= lim  Achabi+R
bty h h
= lim 3¢+ 3xh+h
bt
= 3¢
d ST
193, &=  fim x=_:
x b0 h
" oy
= lim s
h—0 h
wr i JUT .
E Fhean?
. -1
= lim .
h-»0 x* % xh
- - Ll
195. (a) 37 3 24y (c)l0x  (d)6x+2

196. (a} dv/dx = 30¢

(b) dyfdv =dx' - Gr +2
whenx =2 dpfdy=32-12+2=22
Pagedl
197. dv/dr=2x-4
§=2x~-4
x=6 Point is (6, 12)

e -
198, vlhl@‘ 2
f=2, mmumxw.,wusé."

199. For side lengthx V =, wuiu» m’ perm
32 3L 3
200. .v.ﬂ./\. uﬂ.ﬂu ht.v.‘ = gl u|a\”
oy 2 2
2 , 2
00 p= L =y &g S
.xn dx X
202, fie)= 2 =2 i
¥
(e -
Paged2
- - S B T
203. ul.i e gt ¥ =X + 3x
ar I R 1
==y e—x ;.:.u..lwftl 6x
&« TR
204, p=Yx® = 1t
dy 2 m.. 2
—— — i e———m
ds 3 W
205. I
eIyt ITS
dy 3 : k)
P A P
L P 3 :
206. 25 -3 20 3x 2oy

208.
i
9, P | Ly =50
208 i 100 x 3% ! g
whenr=4, 42 - 50 _ 95 bhirds per year
ar g
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Paged3
210. dpMdy=6®~ 10x+2 Whenx = | dy/de =2
Gradient of tangent = - 2
yod T - 1) = 2x+2
Equation of tangent is y =~ 2x+6 or 2x # y—6=0
Gradient of normal = %
4= -1
y-8=x~1
Equation of normalis  x -2y +7=0
2 as—) y=24+2+5=9
dvidy =4x - 2

Gradicnt of tangent = —6
9= —b{x~= )=~ ~6
y=—=6x+3 or 6x+y-3=0
212, dv/dy = 2x~ |
8--2x~-1
X=92Then y=381/4 ~ 18/ 4 - 24/4 = 39/4
Gradient of normal = - 1/8
yo e oL (-2

),..j;.’_=_.%.x+_”_

16

y= — é x+ '—fé‘_ orlx-+ 16y~ 165=0
Pagedd
213, x'+¢
214,y dy -
215.

L) 3 y
I-!.\'z ~8rdy oty =34y’ ve

206 53-8 4
217 R ] 2, 1,
“ ‘IZx‘fx—bdx:;x +oxT-bx+ e

, Xt
2““!.\" ~4dx = T- Ix+c

L 2!
219, J’x! +3x"2 —3xddx = —:x: - ~3-~-3‘X2+C
3 x 2

20y = [3x% 4 xde = 34 Dy e

2 01
2Ly = B L SUR

3 Ppa
Pageds
222 dy/dx = 3x* -

Whenx=2 Gradient =3x4 - 12 =0
223. dvidx=2x - 1
{a) Curve cuts y axis atx=0, Gradient = |
(b)p=(x - 4)x +3)cuts x aris at v = -3 and x = 4
Gradients are ~ 7 and 7.
224, dy/dx = 3¢ - 12.
1632 -12=15, 2*=27, soxX=9
x=3 and v =-3. Substitute into cquation
Co-ordinates (3,0 )and (-~ 3,18)

— 1
25 p=2x+3Vx ~§ =2x+3x - 4x™

LI Y 0 BT SEP S S
dr—2+2x +4.’¢ 2"2'[;4"_,

226. dv/dy=4x + 5
(a) x =2 Gradient = 13
(b)) Atx=2,p=14 (y-14)= 13(x-2)
¥ = 13x - 12 is equarion of tangent
(c) Gradicntcurveatx=1is9.
Gradient normal is -1/9
@ Atx=1,y=3  (r=3)=-(10)x~1)
Yy -2T=-x+1
X+ 9y~ 28 = 0 is equation of normal
Paged6
227, p=(x-Bx -1 y=Q0,x=1ord
dyfde = 2¢~5
aty=1Grad =-3,atx =4 Grad = 3
ate=Ly=0:y=-3(x-1)
Equation of tangent is 3x +y ~3=0 (i)
atr=4,y=0:p=3x-4)
Equation of tangent is 3x -y~ 12 =0 (ii)
Intersection: (i) — (i) 2y = -9,y =-92
Substitute into (i) 3x =152, 5 =52
Point of intersection is (572 . — 972 )
228, y=a- 13+ 12
dyidy = 3¢ - 13
{a) atx=2Gmdis12~13=~|
¢+6)=~1(x-2)
x4 r+4=0is equation of tangent

B y=0x=-4 (-4, M

(¢) atx =1, Grad is - 10, Grad of normal is 1/10
atx=1,y=0 Normaly = (1/10)x~ 1}
X lop-1=0

(d) = -39 and p =~ 511

229. (a) fx’l =3¢-5

x . .

(b) ¥ =¥ — ¢ = 20x %=3x'—-?_\'—2(l

«) y = 2x§' ‘Jf—"mlcé =3Jx
. e

[ ¥
) xi
dy 44 Yo 5
I«}t —-g-t —-3-\/._--1-7:
Pageq7

230. % x' -2~ Sy + e
21 (i) 2+ (3P -4y +¢

232,
I 4x? =2 Ydx= 4%—3_511 ¢
i
LS
= ﬁx’ +2x7 e
V=R
233, [ -6 drv = (141 - 260+ ¢
234, [R2+3de= (13 + 3+ c
235.

p= ISf +dxdv=x"+2x" 4 ¢
x=1lyp=7 5 7= +2+¢c = c=4
so y=xt+2ei-g
1_1‘?‘1, =t-%tP 4
237, [(3x+ 1P dx =[9¢ + 6r+ 1 de
=32+ b xdc
238. y=[8x+1dy =dx +x+e
x=2p=5 o S=16+2+¢ => c=~13
so y=4xi+x 13
239. y=f;‘;dx=j4x'zdx=—4x"' +c

=d
e

236.

x=], yv=-4 =
. fm b R
50 .y... P

y=-1

Paged8 ‘ i
240, \ y

y=fire 3\
-3

x
v=—{{x+3) \

\

x+3)=(x+3F=x2+6r+9
=+ 3= (PO +9) = i - 9
241, Grad = —4
Y=5=—d(x+2) D dx+r+3=0

(-2v3)21) _ 74583 5
. T7'L—I') =282 9,53
\Fl.‘i'l V2] 24 7 SV'

243, 2'“:22'-2 So=28 -2 xE—2
X ot hd
244. J-}x" —2x7dy =4 it —axtye

24

(5]

245, Ve h' & V=KW
279 =k x 64 = k= -%’;'Z
v=22y
558 = A pt
h=¥128  “h=113cnt03 sig. lig.

Paged9
246, b -dac" =k Axixd-K 16 >0
k<-d4or k>4

ML ¥ ~6=x46 = Fox.12-0
W=D +3)=0 = xr=d4or-3
Points of intersection are (4.10) and (-3,3)
248,

i

:

. i

gy

Soiution is -3 «<x<2 '

249 y-2+5=) y=2y- 8
perp griel = -+ Y

yEYE—Yalx=1) = xrpd 50

;

sgrad =2

2
250, E};_*_!{l'],] =‘;_ +33 =()%
5LG) pmx gyt o2 byt
BL0) p=xi 4y w3 -ty
N dy
(i) y=y'-2¢ '(1%-4,\ -3y
" dy
= 3y 4+ 2y — = br 4+
(i) p=3 + e 6y +2

252 b -dac -9 -4 x 2x 4=9-32=-23
negative and <o no real roots.
253, (v~ 3 ~4  vertex (3. 4)
254, () 6 - 2V5 -3VS+ 5= {1 - 5V5
a=11 h=-3
(b)

| 3-v8] 11845 [T
FevsI3-5) - 95 T 4J5
v L =i
e=g . d

3
255. dvldx = 6x*~3  atx=2 dyfdx = 21
x=2 ym 6 p6=2l(x-2)
r=21x-36
256. x =~ 3y
(=3p) = 2=Hy =15
9+ 6y =18
¥ =1 =
Solutions y=+| y=-3 gor
257 xy =12 and 2c+2r=19
sy 12
substitute  2x + 2d/x =19
20+ 24 = 19¢
27 - 19x +24 =
(x-8)2v-3) -0
f=8ork3
x=8py=1§orx=15 p=§
i.c. Tength 8 breadth 1.5 or vice versa.

y=+tl1
y:-l_ x=3

att=4 ruieis 88 litres per second.
59. Midpoint (0.5, - 4) g - 23
grad of perp 372
ytd_ = 32(x-05) 4= 6y~ 19
Yo fim EE = Rrem - - e

260.
oy h-0 N

s Jm AR - Bx - B 2 - a2
) b
2xh+h* -3

hesth h

= lim 2v+h-3
=G

261, (3) v =1 - 6)

262 1 ‘VI

Asymploles are v = -3
and y=10 o




